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Abstract. Considering a separable and purely kinetic 5D scalar field we investigate the induction of 4D
scalar potentials on a 4D constant foliation on the class of 5D warped product space-times. We obtain
a quantum confinement of the inflaton modes given naturally from the model for at least a class of warping
factors. We can recover a 4D inflationary scenario where the inflationary potential is geometrically induced
from 5D and the effective equation of state in 4D that includes the effect of the inflaton field and the induced
matter is Peff �−ρeff.
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1 Introduction

Warped geometries are the natural geometric background
of Randall–Sundrum scenarios [1]. In braneworld scenar-
ios this kind of geometries has been subject of great in-
terest. Mathematically, given (Ma, γ) and (M b, h), two
Riemannian (or pseudo-Riemannian) manifolds of di-
mensions a and b and metrics γ and h, respectively, it
is possible to construct a new Riemannian (or pseudo-
Riemannian) manifold by (M =Ma×M b, g), where by
definition g = e2Aγ⊗h, A :M b→ R being a given smooth
function known as the warping factor [2]. An interesting
property of this kind of geometries is the natural split-
ting that naturally occurs between the dynamics in the 4D
space-time and the dynamics in the extra dimensions. In
the particular case of 5D spaces we can separate the mo-
tion in the fifth coordinate from the one in the remaining
4D usual space-time dimensions. This feature could be of
great “wealth” in some of the new treatments of inflation
in theories in more than four dimensions.
Some of the most popular theories in higher dimen-

sions are the Kaluza–Klein theory [3–6], where the fifth
dimension is compactified, the induced matter theory or
in more general terms noncompactified (n+1) general
relativity [7–9] and the braneworld scenarios inspired in
string theory known as M-theory [10–15]. The universe in
braneworld cosmologies is considered as a brane embed-
ded in a higher dimensional space-time called the bulk. In
these models only gravity and some exotic matter like dila-
tonic scalar fields can propagate through the bulk, while
our observable universe is confined to a particular brane
hypersurface [16]. Several mechanisms of confinement of
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matter to a special (3+1) hypersurface have been imple-
mented. The use of a confining potential is one of these
mechanisms [17]. However, this continues to be a central
issue not only in braneworld scenarios but also in the in-
duced matter theory.
New approaches to inflationary cosmology based on

a scalar field formalism have been proposed in the con-
text of higher dimensional theories of gravity. In particular,
using ideas of the induced matter theory a new formalism
for describing inflation [18–20], scalar metric fluctuations
and gravitational waves [21–23] has recently been intro-
duced. Some other topics, as for example effects of a decay-
ing cosmological parameter in this recent 5D framework,
were also studied [24]. The basic idea of this formalism is
the existence of a 5D space-time equipped with a purely
kinetic scalar field ϕ, in which our observable 4D universe
can be confined to a particular hypersurface. The induced
4D inflationary dynamics is described in terms of the in-
duced 4D scalar field ϕ(x, ψ0), being ψ0 the value of the
fifth coordinate specified by a given foliation of the 5D
space-time, where the particular choice of the hypersurface
ψ =H−1, with H the Hubble parameter, is crucial for its
physical predictions.
In this letter we develop a new approach in a more

general manner. We start considering a purely kinetic 5D
scalar field on a warped product geometrical background.
Assuming the separability of the scalar field and assuming
that the 5D space-time can be foliated, we present a gen-
eral mechanism for inducing a scalar potential of a true 4D
scalar field φ(x) instead of a potential for a 4D effective
scalar field ϕ(x, ψ0). As an application of the formalism we
study de Sitter inflationary cosmology recovering the usual
4D formalism but with a geometrically induced 4D scalar
potential V (φ). As we will see, the quantum confinement
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of the inflaton modes is obtained naturally from the model,
and physical predictions can be made independent of the
hypersurface chosen.

2 General formalism

We consider a 5D space-time (M, gAB), where gAB is a 5D
metric which in the local coordinates (yA) is expressed by
the line element dS2 = gAB dy

AdyB. The action that de-
scribes a purely kinetic 5D scalar field ϕ(yA) minimally
coupled to gravity can be written as

(5)S =

∫
d5y
√
|g|

[
(5)R

2κ2
+(5)L(ϕ,ϕ,A)

]
, (1)

where (5)R is the scalar curvature, κ defines the 5D gravi-
tational coupling and the Lagrangian density for the scalar
field is

(5)L(ϕ,ϕ,A) =
√
|g| (5)L(ϕ,ϕ,A) =

√
|g|

[
1

2
gABϕ,Aϕ,B

]
.

(2)

The variation of the action with respect to the metric and
the scalar field, respectively, gives the 5D field equations

GAB = κTAB , (3)

(5)�ϕ≡
1√
|g|

∂

∂yA
[√
|g|gABϕ,B

]
= 0 , (4)

GAB = RAB− (1/2)(5)RgAB being the Einstein tensor in
5D and TAB the energy-momentum tensor for a free scalar
field specified by

TAB = ϕ,Aϕ,B−
1

2
gABϕ

,Cϕ,C . (5)

In the local coordinates (yA) = (xµ, ψ), we consider the
class of warped geometries given by the line element

dS2 = e2A(ψ)hµν(x)dx
µ dxν − dψ2 , (6)

where hµν is a 4D metric with determinant det(hµν) = h.
On this metric background (4) reads

(4)�ϕ− e−2A(ψ)
∂

∂ψ

[
e4A(ψ)

∂ϕ

∂ψ

]
= 0 , (7)

where (4)�ϕ = (1/
√
−h)(∂/∂xµ)(

√
−hhµνϕ,ν). Assuming

a separable scalar field ϕ(x, ψ) = φ(x)Q(ψ), (7) yields the
system

(4)�φ(x)−αφ(x) = 0 , (8)

d2Q

dψ2
+4
dA(ψ)

dψ

dQ

dψ
−αe−2A(ψ)Q= 0 , (9)

with α a separation constant. This is a system of ordinary
differential equations of second order which in principle, for
a given warping factor A(ψ), can be solved.

We can write (2) as

(5)L(ϕ,ϕ,A) = e
2A(ψ)Q2(ψ)

√
−h

×

⎡
⎢⎣1
2
hµνφ,µφ,ν −

1

2
e2A(ψ)

⎛
⎝
�

Q

Q

⎞
⎠
2

φ2(x)

⎤
⎥⎦ ,
(10)

where the star (�) denotes ∂/∂ψ. Now assuming that the
5D space-time can be foliated by a family of hypersurfaces
defined by Σ0 : ψ = ψ0, with ψ0 a constant, (10) evaluated
on one of these hypersurfaces becomes

(4)L(φ, φ,µ)≡
(5)LΣ0(ϕ,ϕ,A)

= e2A(ψ0)Q2(ψ0)
√
−h

[
1

2
hµνφ,µφ,ν −Vind(φ)

]
,

(11)

where Vind(φ) is the induced 4D scalar potential given by

Vind(φ) =
1

2
e2A(ψ0)

( �
Q

Q

)2∣∣∣∣∣∣
ψ0

φ2(x) , (12)

which is different for every warping factor. Clearly the in-
duction of the potential depends strongly on the separa-
bility condition of ϕ and on the splitting property of the
warped product metrics. Hence the action (1) evaluated on
Σ0 reads

(4)S =

∫
d4x
√
−h

[
(4)R

16πG
+LIM+

1

2
hµνφ,µφ,ν −Vind(φ)

]
,

(13)

where we have made the identification κ2Q2(ψ0) = 8πG,
and LIM is a 4D induced matter Lagrangian density com-
ing from the part of (5)R that depends on the fifth co-
ordinate ψ [7–9]. The action (13) is interpreted as a 4D
induced action, which is constructed onΣ0 bymeans of the
4D induced Lagrangian (11). This action, besides induc-
ing matter in a geometrical manner, allows one to describe
the dynamics of the 4D scalar field φ(x) minimally coupled
to gravity with a geometrically induced scalar potential
Vind(φ). The fact that we have a geometrical mechanism
of deriving a scalar potential avoiding its introduction “by
hand” is an attractive feature of this approach. Moreover,
as we shall see in Sect. 4, the fact that we have a scalar
potential induced geometrically entails a physical scalar
field mass parameter also geometrical in origin, and this
is a valuable characteristic specially in inflationary frame-
works. Compared with standard 4D inflationary scenarios
this feature represents an advantage in the sense that for
example it can be possible to treat de Sitter inflation with-
out the introduction a priori of a small mass parameter for
the inflaton field. This is basically because in the kind of
formalism like the present one it is possible to treat a de
Sitter expansion without a constant scalar potential by
simply choosing a foliation ψ = ψ0 =H

−1
0 , H0 being the

constant Hubble parameter [25, 26].
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The field equations according to (13) are then

(4)Gµν = 8πG
(4)T (φ)µν +8πG

(4)T (IM)µν , (14)
(4)�φ+V ′ind(φ) = 0 , (15)

where (′) denotes the derivative with respect to the field φ
and

(4)T (IM)µν =
3

8πG

[(
d2A

dψ2

)
ψ=ψ0

+2

(
dA

dψ

)2
ψ=ψ0

]
e2A(ψ0)hµν

(16)

is the induced matter energy-momentum tensor on the ge-
ometrical background (6).

3 Quantum cosmological confinement
of the 5D scalar modes

As an illustration of the previous formalism we shall study
the cosmological case. In order to describe a 5D space-time
with a 3D spatial expansion that in addition is spatially
flat, we consider the line element

dS2 = e2A(ψ)[dt2−a2(t)dr2]− dψ2 , (17)

where a(t) is the scale factor, t is the cosmic time and
dr2 = dx2+ dy2+ dz2, {x, y, z} being the usual Cartesian
coordinates. The 5D equation of motion (7) now reads

ϕ̈+3H(t)ϕ̇−
1

a(t)
∇2rϕ− e

2A(ψ)

[
4
dA(ψ)

dψ

∂ϕ

∂ψ
+
∂2ϕ

∂ψ2

]
= 0 ,

(18)

H(t) = ȧ/a being the Hubble parameter and the dot denot-
ing the time derivative. Following a canonical quantization
process we impose the equal time commutation relations

[
ϕ̂(t, r, ψ), Π̂tϕ(t, r

′, ψ′)
]
= i
1

a3
e−2A(ψ)δ (3)(r− r′)δ(ψ−ψ′),

(19)[
ϕ̂(t, r, ψ), ϕ̂(t, r′, ψ′)

]
=
[
Π̂tϕ(t, r, ψ), Π̂

t
ϕ(t, r

′, ψ′)
]
= 0 ,

(20)

where Πtϕ =
∂ (5)L
∂ϕ̇
=
√
|(5)g|gttϕ̇ = e2A(ψ)a3ϕ̇ is the mo-

mentum conjugate to ϕ.
The operator ϕ̂ is decomposed in Fourier modes as fol-

lows:

ϕ̂(t, r, ψ) =
1

(2π)3/2

∫
d3kr dkψ

[
âkrkψξkrkψ (t, ψ)e

ikr·r

+ â†krkψξ
∗
krkψ
(t, ψ)e−ikr·r

]
,

(21)

where the annihilation and creation operators âkrkψ and

â†krkψ satisfy the canonical commutation algebra[
âkrkψ , â

†
k′rk

′
ψ

]
= δ (3)(kr−k

′
r)δ(kψ−k

′
ψ) , (22)

[
âkrkψ , âk′rk′ψ

]
=
[
â†krkψ , â

†
k′rk

′
ψ

]
= 0 , (23)

while the Wronskian condition for the krkψ-modes yields

ξkrkψ ξ̇
∗
krkψ

− ξ̇krkψξ
∗
krkψ

= i
1

a3
e−2A(ψ) , (24)

with the asterisk (∗) denoting the complex conjugate. In-
serting (21) in (18) we obtain

ξ̈krkψ +3Hξ̇krkψ

+

[
a−2k2r − e

2A(ψ)

(
4
�

A
∂

∂ψ
+
∂2

∂ψ2

)]
ξkrkψ = 0 ,

(25)

which is the dynamical equation for the modes ξkrkψ (t, ψ).
By introducing the auxiliary field

ζkrkψ (t, ψ) = exp

[
3

2

∫
H(t)dt

]
exp[2A(ψ)]ξkrkψ (t, ψ) ,

(26)

we can write (25) as

ζ̈krkψ +

[
a−2k2r −

9

4
H2−

3

2
Ḣ

− e2A(ψ)
(
4
�

A
2
+2

��

A+
∂2

∂ψ2

)]
ζkrkψ = 0 .

(27)

Assuming that the krkψ-modes can be separated in the
form ζkrkψ (t, ψ) = ζkr (t)ζkψ (ψ), (25) yields

ζ̈kr +

[
a−2k2r −

9

4
H2−

3

2
Ḣ−β2

]
ζkr = 0 , (28)

��

ζ kψ +[4
�

A
2
+2

��

A−β2e−2A(ψ)]ζkψ = 0 , (29)

β being a separation constant. The Wronskian condi-
tion (24) now becomes

ζkr ζ̇
∗
kr
− ζ̇krζ

∗
kr
= i, ζkψ ζ

∗
kψ
= e2A(ψ) . (30)

Equation (29) means that the stability of the kψ-modes de-
pends strongly on the warping factor. In other words, the
mode dynamics along the fifth dimension is driven by the
warping factor. Moreover, as we saw in the previous sec-
tion the warping factor not only controls the dynamics of
the modes in the kψ-direction, but it also is a preponderant
factor in the induction of the scalar potential V (φ) on Σ0.
As an illustrative example we consider the warping fac-

tor A(ψ) = ln(ψ/ψ0), which corresponds to the line elem-
ent

dS2 =

(
ψ

ψ0

)2 [
dt2−a2(t)dr2

]
− dψ2 , (31)

which is a generalization of the Ponce de Leon metric [27]
on which a(t) = exp(2t/ψ0). Thus, (29) reduces to

��

ζ kψ +

(
2−β2ψ20
ψ2

)
ζkψ = 0 , (32)
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whose general solution is given by

ζkψ (ψ) = B1(kψ)ψ
1
2

(
1+
√
4β2ψ20−7

)

+B2(kψ)ψ
1
2

(
1−
√
4β2ψ20−7

)
. (33)

Considering for simplicity a de Sitter expansion a(t) =
a0e

H0t, the equation of motion for the kr-modes (28) now
reads

ζ̈kr +

[
k2ra

−2
0 e

−2H0t−
9

4
H20 −β

2

]
ζkr = 0 . (34)

The general solution of (34) has the form

ζkr (t) =D1(kr)H
(1)
ν

[
kr

a0H0
e−H0t

]

+D2(kr)H
(2)
ν

[
kr

a0H0
e−H0t

]
, (35)

where ν = 1/(2H0)
√
9H20 +4β

2 and H(1,2)ν are the first
and second kind Hankel functions. Using the normal-
ization condition (30), which now is ξkψ ξ

∗
kψ
= (ψ/ψ0)

2,

and selecting the Bunch–Davies vacuum [28] for de Sit-
ter space B2(kψ) = 0, D1(kr) = 0, we obtain the result
that the unique normalizable kψ-mode is found by setting
β =±

√
2/ψ0. In this case the normalized solution for the

krkψ-modes ζkrkψ is

ζ̄kr (t, ψ)≡ ζkrkψ (t, ψ) =
i

2

√
π

H0

(
ψ

ψ0

)
H(2)ν

[
kr

a0H0
e−H0t

]
,

(36)

and therefore

ξ̄kr (t)≡ ξkrkψ (t, ψ) =
i

2

√
π

H0
e−
3
2H0tH(2)ν

[
kr

a0H0
e−H0t

]
,

(37)

with ν = [1/(2H0)]
√
9H20 +8ψ

−2
0 . Clearly, the modes ξ̄kr

do not exhibit any dependence of the fifth coordinate. This
fact can be interpreted as a kind of confinement of the
quantum scalar modes ξ̄kr (t) on the hypersurfacesΣ0 : ψ=
ψ0, since the modes ofϕ do not propagate along the fifth di-
mension. Note that this confinement is obtained naturally
from the theory without the introduction of a confining
scalar potential.

4 4D induced inflation

Now we are able to treat the 4D inflationary case derived
from the induced 4D action (13). According to the formal-
ism exposed in Sect. 2, the induced 4D line element is given
by

ds2 = hµν(x)dx
µ dxν = dt2−a2(t)dr2 . (38)

According to (14) and (16) the induced matter density and
pressure can be separated as

ρeff = ρφ+ρ(IM) , Peff = Pφ+P(IM) , (39)

where

ρφ =
1

2
φ̇2+

1

2a2
(∇rφ)

2+Vind(φ) , (40)

Pφ =
1

2
φ̇2+

1

2a2
(∇rφ)

2−Vind(φ) , (41)

ρ(IM) =
3

8πG

[(
d2A

dψ2

)
ψ=ψ0

+2

(
dA

dψ

)2
ψ=ψ0

]
=−P(IM) .

(42)

In this way we have two contributions; one due to the scalar
field and another one due to the assumed action of the fifth
dimension of inducing matter on the 4D space-time [7–9].
The effective equation of state for slow-roll conditions on
the inflaton field φ can be written as Peff �−ρeff.
In order to determine the exact form of the induced

scalar potential (12), we consider for simplicity the same
warping factor A(ψ) = ln(ψ/ψ0). Under these considera-
tions (9) has the general solution

Q(ψ) = C1ψ
(1/2)
[
−3+
√
9−4αψ20

]
+C2ψ

(−1/2)
[
3+
√
9−4αψ20

]
.

(43)

Choosing C2 = 0, the 4D induced scalar potential (12)
reads

Vind(φ) =
1

2

[√
9−4αψ20−3

2ψ0

]2
φ2(t, r) . (44)

The field equation for the scalar field φ(t, r) is then

φ̈+3H(t)φ̇−a−2(t)∇2rφ+

(√
9−4αψ20−3

2ψ0

)2
φ= 0 .

(45)

The field operators φ̂(t, r) and Π̂tφ = ∂
(4)L/(∂φ̇) = a3φ̇ sat-

isfy the equal time algebra

[
φ̂(t, r), Π̂tφ(t, r

′)
]
= i
1

a3
δ (3)(r− r′) ,

[
φ̂(t, r), φ̂(t, r′)

]
=
[
Π̂tφ(t, r), Π̂

t
φ(t, r

′)
]
= 0 . (46)

Thus, the field operator φ̂(t, r) can be decomposed in
Fourier modes as follows:

φ̂(t, r) =
1

(2π)3/2

∫
d3kr

[
âkrhkr (t)e

ikr·r

+ â†krh
∗
kr (t)e

−ikr·r
]
, (47)

where the annihilation and creation operators âkr and â
†
kr

satisfy the commutation relations
[
âkr , â

†
k′r

]
= δ (3)(r− r′) ,

[
âkr , âk′r

]
=
[
â†kr , â

†
k′r

]
= 0 .

(48)
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The Wronskian condition for the kr-modes hkr is given by

hkr ḣ
∗
kr − ḣkrh

∗
kr =

i

a3
. (49)

Now, implementing the transformation φ(t, r) =
exp[(−3/2)

∫
H(t)dt]χ(t, r), (45) becomes

χ̈−a−2∇2rχ−

[
9

4
H2+

3

2
Ḣ−m2

]
χ= 0 , (50)

where m2 = [(
√
9−4αψ20− 3)/(2ψ0)]

2 plays the role of
a geometrical inflaton “mass”. Hence, the following Fourier
expansion is valid:

χ(t, r) =
1

(2π)3/2

∫
d3kr

[
âkrukr (t)e

ikr·r

+ â†kru
∗
kr
(t)e−ikr·r

]
, (51)

where now ukr (t) = exp[(3/2)
∫
H(t)dt]hkr (t) and u

∗
kr
(t) =

exp[(3/2)
∫
H(t)dt]h∗kr (t). In terms of the new kr-modes

ukr , the Wronskian condition (49) reads

ukr u̇
∗
kr
− u̇kru

∗
kr
= i . (52)

Considering for simplicity a de Sitter expansion a(t) =
a0 exp[H0t], the evolution equation for the kr-modes ukr is

ükr +

[
k2ra

−2
0 e

−2H0t−
9

4
H20 −m

2

]
ukr = 0 . (53)

Stable solutions of this equation can be obtained for kr >
k0, where k0(t) = [(9/4)H

2
0 +m

2]1/2 exp[H0t]. The general
solution of (53) is given by

ukr(t) = F1H
(1)
νs
[Z(t)]+F2H

(2)
νs
[Z(t)] , (54)

with νs = [1/(2H0)]
√
9H20 +4m

2 and Z(t) = [kr/(a0H0)
e−H0t], andF1 andF2 being integration constants. Selecting
theBunch–Davies vacuumF1 = 0theusual normalization is
achievedby using (52). Therefore, a normalized solution is

ukr (t) =
i

2

√
π

H0
H(2)νs [Z(t)] . (55)

The squared quantum fluctuations on the IR-sector (kr �
k0) are given by

〈φ2(t)〉IR =
e−3H0t

2π2

∫ υkH
0

dkr
kr
k3r [ukr (t)u

∗
kr (t)]

∣∣∣∣
IR

, (56)

where υ = kIRmax/kp� 1 is a dimensionless parameter, and
kIRmax = kH(ti) = k0(ti) is the wave number related to the
Hubble radius at the time ti when the modes re-enter the
horizon. Moreover, kp is the Planckian wave number. For
a Hubble parameter value H0 = 0.5× 10−9Mp, values of
υ within the interval 10−5 to 10−8 correspond to a num-
ber of e-foldings of Ne = 63 [29]. Thus, considering the

asymptotic expansion for the Hankel functionH(2)νs [Z(t)]�
(−i/π)Γ (νs)(Z/2)−νs , (56) becomes

〈φ2〉=
22νs

8π

a30H
2
0

3−2νs
Γ 2(νs)

(
kr

a(t)H0

)3−2νs ∣∣∣∣∣
υkH

, (57)

and the corresponding power spectrum Pφ(kr) ∼
[kr/(aH0)]

3−2νs . Clearly, this spectrum becomes nearly
scale invariant when m� 1. Furthermore, the spectral
index is given by ns = 4− 2νs = 4− 3

√
1+ [2m/(3H0)]2.

Hence, knowing from the observational data that [30]
0.94≤ ns ≤ 1, we can establish that 0≤m ≤ 0.3H0. This
interval corresponds to −1/4(H0/ψ0)[0.36H0ψ0+3.6] ≤
α≤ 0. Therefore, for every hypersurface ψ = ψ0, the value
of α can change in such a way that m keeps on having
values in the same interval.

5 Final comments and conclusions

We have studied a scalar field formalism from a pure ki-
netic 5D scalar field ϕ on the class of 5D warped product
spaces.Within this new approachwe have developed a con-
sistent way to induce a 4D Lagrangian density for a true 4D
scalar field φ, from a 5D Lagrangian density that describes
the kinetic scalar field ϕ. As a first application of the for-
malism we have studied inflationary cosmology. This new
approach enables us to have a 4D inflationary formalism
where the scalar potential V (φ) is induced due to the mo-
tion of the field ϕ with respect to the fifth coordinate ψ,
in an special manner. The 4D formalism is constructed on
a family of hypersurfaces given by the constant foliation
Σ0 : ψ = ψ0. Something that is very important to stress is
that the formalism is based strongly on the separability of
the field ϕ and on the properties of the warped product
spaces. Indeed, the applicability of the general mechanism
of induction of 4D potentials could go beyond cosmology.
This is because the minimal conditions in order for the
mechanism to work are the separability of the 5D scalar
field ϕ and the separability of the components of the met-
ric gµν(x, ψ) and gψψ(x, ψ). Of course the class of warped
product spaces fits in this. In the case of a space-time de-
pendence for gψψ the induced 4D potential will be of the
form V [x, φ(x)] = (1/2)M2(x)φ2(x). In other words, the
induced potential not only will depend on the true scalar
field φ, but also on the space-time coordinates. In this way
the mechanism could explain in a geometrical manner with
an extra dimension the appearance of local scalar poten-
tials that have an extra space-time dependence in contexts
that are not necessarily cosmological. In an inflationary
scenario we have obtained the result that at least for a class
of warping factors the quantummodes associated to the 5D
scalar field ϕ exhibit a natural quantum confinement to the
4D hypersurfacesΣ0. This characteristic is merely of origin
quantum, since it is derived as a consequence of the em-
ployment of the quantum commutation relations in 5D. An
interesting implication of this quantum behavior is that for
instance for a warping factorA(ψ) = ln(ψ/ψ0), if we choose
ψ0 =

√
3/Λ with Λ the cosmological constant, 5D classical

particles do not have confinement to hypersurfaces solely
due to gravitational effects [2]. However, in the case of a 5D
quantum scalar field confinement of the quantum modes is
achieved naturally. Finally, as is well known in many higher
dimensional cosmological theories, one issue consists in ex-
plaining the fact that the observable universe seems to be
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confined to a particular hypersurface. In our formalism the
part of the 4D dynamics that in principle could depend on
the value of ψ0 is the part that contains the information
of the 4D induced potential V (φ) = (1/2)m2φ2(x). How-
ever, the presence of a separation constant in (9) makes
it possible that m, as defined by (12), can remain invari-
ant for any value of ψ0. One example of this fact is the
final result of the de Sitter inflationary model in this letter,
where the interval 0≤m≤ 0.3H0 is maintained invariant
for −1/4(H0/ψ0)[0.36H0ψ0+3.6] ≤ α ≤ 0, independently
of the value of ψ0.
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